Introduction
This paper describes some key mathematical ideas in the theory of radar from a group theoretic perspective. The intention is to elucidate how radar theory motivates interesting ideas in representation theory and, conversely, how representation theory affords a better understanding of the inherent limitations of radar. Although most of the results presented here can be found in (Wilcox, 1991) and (Miller, 1991) , there are significant differences in the selection and presentation of material. Moreover, compared with (Wilcox, 1991) , (Miller, 1991) and (Moran, 2001) , greater emphasis is placed here on the group theoretic approach, and in particular, its ability to arrive quickly and succinctly at basic results about radar.
Central to radar theory is the ambiguity function. Specifically, corresponding to any waveform w(t) is a two dimensional function A w (t, f ), called the ambiguity function, which measures the ability of that particular waveform to allow the radar system to estimate accurately the location and velocity of the target. Some waveforms perform better than others, and it is the challenge of radar engineers to design waveforms with desirable ambiguity functions while simultaneously meeting the many other design criteria which impose constraints on the set of feasible waveforms.
A particularly elegant way of studying the ambiguity function is to write it in the form A w (t, f ) = w, ρ (t,f ) w L 2 (R) where ρ (t,f ) is an operator acting on L 2 (R). In fact, ρ (t,f ) turns out to be a very special type of operator; it is an irreducible unitary multiplier representation of the additive group R 2 . It is here that group representation theory enters the picture. Functions A : G → C of the form A(g) = w, ρ g v over some group G, where ρ g is a representation of G, are sometimes known as special functions in the literature. Importantly, most if not all interesting facts about special functions can be deduced from a study of the group representation ρ g .
After defining the ambiguity function in Section 2, a brief introduction to representation theory is presented in Section 3. A feature of this presentation is that multiplier representations, along with their connections to ordinary representations and projective representations, are highlighted. Whereas it is customary to study the ambiguity function via the representation theory of the Heisenberg group, this paper studies instead the relevant multiplier representation of R 2 . Although both approaches are equivalent, the authors believe the multiplier representation approach is the more natural.
Section 4 derives fundamental facts about the multiplier representation theory of R 2 and how it relates to the ambiguity function. A somewhat novel contribution is a generalised version of Moyal's identity (Theorem 2), whose proof has a more direct and intuitive flavour than that of previous proofs of Moyal's identity. Also covered in Section 4 are the various ways of realising the representation ρ (t,f ) on different Hilbert spaces. These representations are equivalent to each other, but depending on the problem at hand, some spaces can be easier to work in than others.
The results in Section 4 are applied in Section 5 to answer several questions about ambiguity functions. A generating function approach is provided for finding explicit formulae for the ambiguity functions of Hermites. It is proved that the Hermite waveforms have the distinguishing property of having rotationally symmetric ambiguity functions. The potential benefits of hypothetically being able to use multiple waveforms are touched upon too.
Finally, Section 6 concludes by stating that the ambiguity function studied in this paper is the narrow band ambiguity function and is an approximation, albeit a good one in many situations, to what is known as the wide band ambiguity function. It is explained that the latter also
